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Here we study the structure of nonlinear matter-wave localized states, their stability properties, atid interaction in two-dimensional optical lattices, and make hike to parillel the recent studies in nonlinear optics of periodic photouic structures. Nonlinear localization of BEC in higher-dimensional lattices is qualitatively different becanse both the symmetry and dimensionality of the lattice start to play an important role in the formation and properties of the bandgap-structure and correiponding nbnlinear modes.
We have found numerically different families of matter-wave gap solitons in the twodirnerisional optical lattice described by the potential V(r) = Vo(sin2z + sin2y). For the repnlsive condensate, such gap solitons exist in all band gaps excluding the semiinfinite gap below the first band, arid they are characterized hy the value of the chemical potential and the value of rhe invariant P proportional to the total number of pa.rticles. The lowest,-order one-hump "fundamental" gap solitons' have a characteristic "staggered" structure of their tails, and they are strongly localized near the higher-energy band edge. These localized modes are similar to the modes descrihed for t h e case of one-dimensional gap solitons3. Near the linear tunnelling threshold, the nonlinear localized states develop extended tails in two directions, along which the tunnelling is assisted by inter-well barrier heights being lower than those in diagonal directions. By direct numerical simulations we have confirmed that strondy local-
ized two-dimensional fundamental modes are dynamically stable. We have also found different families of hig)ler.order loca]iz,ed gap modes that can be identified as in-phase and out-of-phase bound states of the fundamental gap solitons. These states can be centered a t the lattice potential n!inima or maxima, sirnilarly to higher-order stat,es in one-diniensional lattices3, and they can exhibit symmetry-breaking instabilities. In particular, Figs. l(a-c) However, the most interesting structure shown in Fig. l(c,d) possesses a nontrivial vortex-like phase, so that such a bound state cau be termed a gap uortex. We describe properties of this novel types of localized vortices and compare them with the conventional vortices excited on extended Bloch waves of the lattice,
